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Abstract. Macdonald polynomials are orthogonal polynomials associated to root systems, 
and in the type A case, the symmetric Macdonald polynomials are a common generalization 
of Schur functions, Macdonald spherical functions, and Jack polynomials. We use the com- 
binatorics of alcove walks to calculate products of monomials and intertwining operators 
of the double afhne Heckc algebra. From this, we obtain a product formula for Macdonald 
polynomials. 
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1. Introduction 



In |M88j . Macdonald introduced a remarkable family of orthogonal polynomials P\(q,t) 
associated with root systems. For special values of q and t, they specialize to various well- 
known functions, including Weyl characters and spherical functions for p-adic groups. These 
polynomials are a basis for symmetric functions, and are a common generalization of Schur 
functions S\, monomial symmetric functions, Hall-Littlewood polynomials, and the sym- 
metric Jack polynomials. The symmetric Macdonald polynomials are indexed by dominant 
weights of the weight lattice P. 

Classically, the Littlewood-Richardson coefficients c u XfjL are the structure constants of the 
ring of symmetric functions with respect to the Schur basis: 

SxS t 1 = C V S ^- 

V 

In the representation theory of the general linear group GL n (C), the Littlewood-Richardson 
coefficients also give the multiplicity of the irreducible highest weight module V{y) in V(A)<8> 
V(fi). The coefficient is given combinatorially as the number of Young tableaux of shape 
u\X admitting a Littlewood-Richardson filling of type /i. 

Littelmann introduced the path model in |Li94] as a tool for calculating formulas for 
characters of complex symmetrizable Kac-Moody algebras, and showed that it can also be 
used to compute Littlewood-Richardson coefficients. Instead of a sum over tableaux, his 
formula for c\ is a sum over certain paths in the vector space P ®% K, where the endpoint 
(weight) of a path takes the place of the filling of a tableau. Several variations of the 
Littelmann path model were introduced to obtain character formulas, including the gallery 
model of Gaussent-Littelmann |GL02j , and the model of Lenart-Postnikov |LP08j based on 
A-chains. In |R06] . Ram developed the alcove walk model for working in the affine Hecke 
algebra, and the paper [?] showed that alcove walks are a useful tool for expanding products 
of intertwining operators of the double affine Hecke algebra. 

Cherednik developed the theory of double affine Hecke algebras, using it to solve Mac- 
donald's constant term conjectures |C95aj . and in |C95b] . he showed that products of inter- 
twining operators of the double affine Hecke algebra generate the nonsymmetric Macdonald 
polynomials E\(q,t), which are a family of orthogonal polynomials indexed by points of 
the weight lattice. These polynomials were first introduced by Opdam |Q95] in the case 
q — > 1 (see |M03t p. 147]). By applying a symmetrizing operator 1 to E\, one can obtain 
the symmetric polynomials P\. 

In this paper, we use the alcove walk model to calculate products of monomials and 
intertwining operators of the double affine Hecke algebra (Theorem 13. 4p . and give a product 
formula for two symmetric Macdonald polynomials (Theorem 14. 4p . This is a generalization 
of the classical formula for products of Weyl characters, where the generalized Littlewood- 
Richardson coefficents are rational functions in q and t. In particular at q — 0, Theorem 14.41 
reduces to Schwer's product formula |Sc06t Theorem 1.3] for Hall-Littlewood polynomials in 
terms of positively folded galleries, and at q = t, the formula reduces to the product formula 
of Littelmann |Li94j for Weyl characters phrased in terms of Littelmann paths. 
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Section [2] of this paper introduces the basic definitions and properties of double affine 
Hecke algebras for reduced root systems. The alcove walk statistics needed in the later 
sections are addressed here. Section [3] discusses how alcove walks can be used to calculate 
the coefficients of products of monomials and intertwining operators in the double affine 
Hecke algebra. In Section SJ we state and prove the main results: 

Theorem 14.21 Let be the nonsymmetric Macdonald polynomial indexed by the weight 
/i, and let Pa be the symmetric Macdonald polynomial indexed by the dominant weight A. 
Let m~ , u s be the alcove where the walk h ends. Then 



where the sum is over alcove walks of type determined by n and contained in the dominant 
chamber, and the coefficients a,h{q,t) are certain rational functions in q and t. 

Theorem 14.41 Let P\ be the symmetric Macdonald polynomial indexed by the dominant 
weight A. Let wt(/i) be the weight of the path h, and let w be the longest element of the 
Weyl group. Then 



h 

where the sum is over alcove walks of type determined by \i and contained in the dominant 
chamber, and the coefficients Ch{q,t) are rational functions in q and t. 

This section concludes by explaining how special cases of Theorem 14.41 relate to Macdon- 
ald's Pieri formula for symmetric Macdonald polynomials in terms of tableaux, and also 
explains the connection to Schwer's formula for Hall-Littlewood polynomials in terms of 
positively folded galleries. 

The final Section contains many examples and illustrations. A number of calculations 
can be made completely explicit in the case of the reduced rank-one root system of type A\. 

Acknowledgements. This research was supported by the National Sciences and En- 
gineering Research Council of Canada. The author would like to thank A. Ram for his 
guidance and insight, and also J. Haglund and C. Lenart for helpful conversations. 



2. Alcoves, Weyl groups, and double affine Hecke algebras 

2.1. Root systems and Weyl groups. Let (fy%,R, i? v ) be a reduced root datum with 
a pairing 



That is, f)2 an d f)z are lattices of finite rank, containing the finite subsets R and R v respec- 
tively, and there is a bijection R — > R v : a H- a y such that (a, a y ) = 2. 

Let cci, . . . , a n G R be the simple roots, and a v , . . . , a y G i? v be the simple coroots. 
The fundamental weights {ui, . . . ,u n } are defined by (cjj, aj) = 5ij, and the fundamental 
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coweights {u;^, . . . , o;^} are defined by (ai,uj) = Sij. Let 

n n n n 

i=l i=l i=l i=l 

be the root, coroot, weight, and coweight lattice respectively. Then Q C f)£ C P and 
Q v C fj z C P v as lattices. 

Let f)* = fj* <g> M and f) R = f) z <g> ffi. For a G -R, the map 

s « : — ► Or : £ ^ # — (^9 « v )« 
acts on the lattice f) z and is a reflection in the hyperplane 

H Q v = {x 6 f)g | (x,a v ) = 0}, 
and sends a to —a. For 1 < z < n, let 

The Weyl group W is generated by si, . . . , s n subject to the relations 

s? = 1, and SjSjSj ■ ■ ■ — SjSiSj ■ ■ ■ (rriij factors each side), 
where ir/rriij is the angle between H a v and H Q v. See |K01l p. 69]. 

2.1.1. Double affine Weyl groups. Let e be the smallest positive integer which satisfies 
(f)z) f)z) ^ Let I = {x* 1 | /i 6 f) z } and F = {y AV | A v G t) z } be abelian groups 

isomorphic to f} z and f) z respectively, with multiplication 

(2.1.1) x^x x = x^ + \ and = / V+ ^. 
The double affine Weyl group W is 

[q k x »wy xv \ ke\Z^e^we W , A v g h z } , 

subject to the relations ( 12.1.11) and 

wx f = x ^ Wi wy xv = y wX "w, xV" = V, q 1/e G Z(W). 

See [H06l Corollary 4.6]. 

The extended affine Weyl groups 

(2.1.2) W = {wy xv \weW ,X y e fj z } = Wo k 7, 

(2.1.3) W v = {x^w | ^ G J£,w G Wo} = X x W 

are subgroups of W, and W acts by conjugation on {q k x fl \ k G -Z, G f) z }. Define 

(2.1.4) x" +fe * = g V and yX v+kd = q -k y \v 

Then W acts on the lattice f) z © ^> where for w G IF and 1/ = \i + fc# G f) z © Z<5, u>z/ is 
defined by 

(2.1.5) 1™ = w/w^ 1 in W. 
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For a G R and j G N, the map 

x ja s a : ()r ->> ^ : x s a x + ja 
acts on the lattice f)J and is a reflection in the affine hyperplane 

H_ Q v +jd = {x G ()k | (x, ct v ) = j}. 
Let (p v G i? v be the maximal coroot, and tp G R be the maximal (short) root. Define 

a = — if + 5, «q = — y? v + d, s = Stp G W 7 , and Sq = x^s^ G VT V . 
Then Sq is a reflection in the hyperplane H Q v = U_ !p v +d . 

The affine Weyl group W a = Wo x Q v is generated by so, si, . . . , s n subject to the relations 
si = 1, and SiSjSi ■ ■ ■ = SjSiSj ■ ■ ■ {m^ factors each side), 
where vr/m^- is the angle between H Q y and H a y. See [K014 p. 123]. 

The extended affine Weyl group W has an alternate presentation |K01l p. 132] 

W = W a x IT, 

where IT ^ f) z /Q v . 

The dual version of the above statements for W holds for W v as well. That is, 

W y = Q x w = n v x w y , 

n v = f)z/Q, and W 7 ^ is the group generated by Sq, s 1; . . . , s n . For notational convenience, 
we sometimes write s v = for z = 1, . . . , n. 

2.2. The alcove picture. See for example, a picture for the SI2 root system in Sectional 

Denote the positive roots and coroots by R + and R+. The positive affine coroots are 

Si = {a v +jd I a v G j e Z> } U {-a v + jd \ a y G R y ,j G Z>x} . 

The chambers of Wo are the connected components of fjjjj\ Li a( zR + H a v , and the alcoves of W y 
are the connected components of fj^\ U ae s + H a v . 

The fundamental chamber or dominant chamber is the region 

n 

C = {x G P)^ | < (x, a v ) for a G = Q{x G f)R | < {x, a y )}, 

i=l 

whose walls (the hyperplanes which have nonempty intersection with the closure of C) 
are H a v , . . . , H Q v . The fundamental alcove is the region 

A = {x G (Jh I < (x, a v ) < 1 for a G R + } = C n {x G f)£ | {x, y? v ) < 1}, 
and its walls are the hyperplanes H Q v , . . . , H a v . 

By Proposition 4-6 and Proposition 11-5 |K01j . Wq acts freely transitively on the chambers, 
and W y acts freely transitively on the alcoves so that there is a bijection 

W y < — > {alcoves} 
w -H- wk. 
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In the above correspondence, the elements of Il v C W v = II V x fix the fundamental 
alcove A. Since \P/Q\ = det[(a; i , aj)]i<tj< n is finite, then n v = \)* % jQ C P/Q is a finite 
abelian group. The extended affine Weyl group W y acts freely transitively on |I1 V | copies 
(sheets) of alcoves so that there is a bijection 

W y i — ► {alcoves} x |n v | 
w O- wk, 

where elements in permute alcoves in the base sheet, and elements ttJ G n v send the fun- 
damental alcove to the copy of the fundamental alcove on the j'th sheet. This correspondence 
will be used frequently, and we will often use the shorthand w = wk. 

The periodic orientation is the orientation of the hyperplanes |H a v | a v G S^} such that 

(1) A is on the positive side of H a v for a v G R+, 

(2) K a v + jd and H a v have parallel orientations. 

The figure in Section [5] illustrates the alcove picture of the extended affine Weyl group 
W y for the root system, showing the periodic orientation of the hyperplanes. 

2.2.1. The length function. Given w G W v with a reduced expression w = 7rjs^ • ■ • , the 
set of positive coroots 

(2-2.1) £(«,) = {<<, .... 

indexes the hyperplanes that separate the fundamental alcove A and the alcove wk. In 
Macdonald's notation [M03l (2.2.1), (2.2.9)], 

C(w) = {b y G Si | w~ l b y G Si] = Siw' 1 ). 

The length of w is 

£(w) = \C(w)\, 

the number of hyperplanes that separate A and wk. In particular, £(ir v ) = for all ir v G II V . 
More generally, for v, w G W y , the set of positive coroots 

(2.2.2) C(v, w) = (£(v) U C(w)) \(C(v) n 

indexes the set of hyperplanes that separate the alcoves vk and wk. If i> < w, we may write 
= vjC(1, v^w), where C(l,w) = C{w). 

2.2.2. The group Il v . Let w G Wo be the unique longest element in the finite Weyl group 
Wq. For \i G let //+ denote the unique dominant weight in the orbit, so that /i_ = WqH + 
is the unique antidominant weight. Let be the shortest element of W such that v^fi = 
Define 

(2.2.3) m M = x^" 1 G W v . 

By |M03t (2.4.5)], m M is the unique shortest element in the coset x^Wq. 
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The minuscule weights are the fundamental weights Uj that satisfy (ujj,a v ) < 1 for a v G 
R+. In other words, these are the fundamental weights which are contained in the closure 
of the fundamental alcove. Let 

J = {j | ujj G f)J is a minuscule weight} U {0}. 

Let 7r^ = 1, and for j G J\{0}, let 

(2.2.4) vrj = m w . = x^v^. 

By |M03[ (2.5.4)], the subgroup of length zero elements in W y is 

n v = «|jGj}. 

2.3. Braid groups and Hecke algebras. 

2.3.1. Double affine braid groups. The relevant facts about braid groups from [M03j are 
stated here in our notation. 

Let {g^X^ | k G ^Z, /j, G fjj} be the multiplicative group isomorphic to f)J©Z<5, and write 
X^ +kS = q k X^. By equation (12.1. 5p . the conjugation action of W = (s , . . . , s n ) X n on 
{q k X» \ ke^Z,fie is given by 

w(fi + k5) = w/i + k8, y xV (fi + kS) = \i - (/i, X v )5 + k6, for w eW ,X v e f) z . 

The double affine braid group B is generated by {g fc X^ | Jfe G G fjj}, T ,Ti, . . . ,T n , 
and II, subject to the relations 

(1) TjTjTj ■ ■ • = TjTiTj ■ ■ ■ (rriij factors each side), 

(2) TiX^ = X^Ti if (fi, a 4 v ) = for < i < n, 

(3) TiX^Ti = X s ^ if (/i, a y ) = 1 for < % < n, 

(4) nTiir" 1 = Tj if irai = (Xj for tt G II, 

(5) ttX^ti- 1 = X nfi for vr G IT, 

where (jj,, ) = (fj,, — y? v ). Since W = W x Y fixes 5, then g 1 / 6 is a central element of B. 
See [MM Sec 3.4]. 

For w E W with a reduced expression w = WjS^ ■ ■ ■ Si r where ir G II and G (so, • • • , s n ), 
define 

(2.3.1) T w = 7r j T h ---T ir . 

By |M03t (3.1.1)], the element T w is independent of the choice of a reduced word for w. 

Identify the reduced expression w = vr^-s^ • • • Sj r with the minimal path p from A to wk via 
the sequence of alcoves 7ijk, -KjS^k, . . . , TTjS^ ■ ■ ■ Sj r A, and define 



(2.3.2) Y w = n j T^---T^, where e k 



+1, if the fcth step of p is 
T, if the fcth step of p is 



with respect to the periodic orientation (section 12. 2p of the hyperplanes. 
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For simplicity, write Y v = Y x \ Then Y^Y^ = Y x ^ + ^ for A v ,/i v 6 fj z , and 

Y = {Y xv | A v G fjz} 

is a multiplicative group isomorphic to f)z- The elements Y xV satisfy the relations 

T^Y xW = Y xV T~\ if (on, A v ) = for 1 < i < n, 
T^Y^Tr 1 = Y s * x \ if fa, A v ) = 1 for 1 < % < n. 

See [M03l (3.2.4)] for details. 
Define 

(2.3.3) T V = (X V T S J" 1 and Y~ a ° = qY v \ 

For notational convenience, we sometimes write — 7$ for i — 1, . . . , n. 

Then, identifying the reduced expression z = s^ r ■ ■ ■ (ttJ)" 1 G with the minimal 
path 6 from zA to A via the sequence of alcoves 

zk, znjs^k, ZTTjs^slk, (zttJs^ ■ ■ • s£)A = A, 

let 

T, if the kth step of b is 

(2.3.4) X* = {Tir ■ ■ ■ KVWY\ where e k 

T, if the fcth step of 6 is 



with respect to the periodic orientation of the hyperplanes (section 12 .21) . Note that for 
H 6 tj* C W v , X^ = X* M . 

2.3.2. Double affine Hecke algebras. Let K be a field. Fix t 0; ti, • • • , t n G IK such that tj = 
if Sj and Sj are conjugate in W. For a E R and G ^Z, define tc+fc^ = U if a = for 
some w G W. 

The double affine Hecke algebra H is the quotient of the group algebra 1KB of the double 
affine braid group by the relations 

Tf = (t 1 / 2 - tr 1/2 )Ti + 1, for < % < n. 
The intertwining operators (also called creation operators in |M03t Sec 5.10]) are 

-1/2 _ 1/2 / -1/2 _ .l/2x v _ y 

r v = T v + h h_ = ( T v)-! + ^ ^Ji for < z < 

^ x « iT for j G J. 

For ?/j G with a reduced expression to = vrjs^ • • • , define 
(2-3.5) r v =7r v T v... T v 

By |M03l (5.10.13)], is independent of the choice of a reduced word for w. Moreover, the 
intertwiners satisfy 

(2.3.6) r^F AV = Y wX \ y w , for w G W\ A v G f) z . 
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For < % < n and w G W s 



C3.7) M H ft, v " t ; where W) . = (l^lYlz^ 
( r i ) V«.> lf s i w <w i \ 1-Y a i J\ 1-Y a i 

2.3.3. Polynomial representation. The affine Hecke algebra H is the subalgebra of the double 
affine Hecke algebra H generated by Tq, . . . ,T n and II. A basis for H is {T w Y xV \ w G 
W , A v G f) z }. Let Kl be the if-module given by 

ttI = 1, TJ = ij /2 l, for vr G II and < i < n. 

The polynomial representation of H is 

K[X]1 = Indfl, 

with basis {X^l \ fi G f)J}. 

For < % < n, the operators Tj act on K[X]1 by 

(2.3.8) TiXn = t) /2 X s ^l + ( t) /2 - t; 1/2 ) Xl "~ xs '\ 

For an affine coroot j3 v + jd, define shift and height 

(2.3.9) q M^+jd) = g -i ? and ^4*0 = "Q t fWH 

so that 

(2.3.10) y^+i^i = g-iy^i = g -j JJ tl {a ' n i = q M^+jd) t ht(^ +jd)l _ 
lit a = t for all aeR + , then th*0 v +*9 = t ( P ,n for p = I £ a£j ^ « v . 

2.4. Alcove walks. Fix a reduced factorization of w — n^s)? • ■ • sY G W v . An alcove walk 
of type w = . . . ,i r ) beginning at z is a sequence of steps in the alcove picture, where for 
% — 0, . . . , n, a step of type 2 is one of the following: 







V 


vs 



(2.4.1) 

i-crossing, i-folding. 

In addition, a 'step' of type 7? v for 7r v G I1 v can be thought of as a change of sheets from the 
alcove v to the alcove vttJ . See the figure in section |5j 

Let r(w, z) be the set of alcove walks of type w beginning in z. There are 2 r walks in 
T(w, z), since each step can be either a crossing or a folding. For a walk h G T(w, z), let 

(2.4.2) h^, be the positive coroot such that H^v separates the alcoves vk and v s^A, 

in which vk is the alcove where kth step of h begins. We call H ft v the kth active hyperplane 
of the walk h. For k — 1, . . . , r, let 

V V 

5 ir S V-l ^ife+i^ife' """" ^ ~~ "«fc> 



(2.4.3) = s ? v s, v - • • s, v a, v , and t b v = t { 



so that by,...,bi is the sequence of labels of hyperplanes crossed by the walk of type w 1 = 
(i r , . . . , ii) beginning in 1. See example 12. II for an illustration. 

Positive and negative steps are defined with respect to the periodic orientation of the 
hyperplanes as follows: 





+ 


+ 




+ 




+ 














V 


VSi 


VSi 


V 


VSi 


V 


V 


VSi 


positive crossing, 


negative crossing, 


positive folding, 


negative foldin 



(2.4.4) 



Moreover, 

(2.4.5) a step is an ascent if VSi > v, and it is a descent if vsi < v in the Bruhat order. 
Example 2.1. See section [5] for more details on the alcove picture of type sk- 



Let w = (siSq) 4 



x 



-8ui 



The following is an alcove walk h G T(w, 1). 



H 



a v +2d Ra v +d 



a v +d H-ct v +2ci n -a v +3d n -a v +4d n -a v +5d 



H 



x iul si 
H_ 



This walk of length eight has type w = (1, 0, 1, 0, 1, 0, 1, 0). The coroots h), are 



hi 
For k 



X 



a , a + d, a , —a + d, 



-a 



2d, -a v + 3d, -a y + 2d, -a v + 3d. 



8, the coroots bY 



is 



— ct v + (9 — k)d are the labels of hyper- 



planes crossed by the walk of type w 1 starting in 1. 
1 



w 



3. Macdonald polynomials 

3.1. Nonsymmetric Macdonald polynomials. Given a weight /i G f)J, let m M G W v be 
the shortest element in the coset x^Wq. See ( 12.2. 3p . 

For w G W v , define t w — ■ ■ ■ t ir , if w — • • • s^ r G W y is a reduced expression. 

Definition 3.1. Let m M = vrjs^ ■ • ■ s, v r be a reduced expression. The nonsymmetric Mac- 
donald polynomial G K[X] indexed by fi G f) J is defined by 

(3.1.1) ^l = r^l = « 
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Remark 3.2. In equation (I3.1.ip . the coefficient of X M in En is t _ x , where x^ = rrinVn (I2.2.3p . 
In the literature, is often normalized so that the coefficient of X^ 1 in is 1. 

By (I2.3.6p . the nonsymmetric Macdonald polynomials are eigenfunctions for the operators 
{y AV | A v £ f)z}, and the set {E^l \ /i £ f)J} is a basis for the polynomial representation 
K[X]1. 



The following result gives an expansion of a product of monomials X u and intertwining 
operators in terms of monomials in H . This leads to an expression for in the monomial 
basis. 

For a walk p £ T(w, z) of type w beginning in z, let 

, 2\ 00°) = I the ^th s ^ e P of p is a fold}, 

^ ' ' ' 4>-{p) — {k | the fcth step of p is a negative fold}, 

, < b(p) £ iy v be the alcove where p begins, 

e(p) £ iy v be the alcove where p ends. 

The weight wt(p) £ fj z an d direction d(p) £ Wo of a walk p is defined by 

(3.1.4) X e(p) = X wt{p) T d{p) . 

Theorem 3.3. 




(a) |RY10l Theorem 2.2] Let z,w £ W v , and /ix a reduced expression w = n^s^ - ■ ■ s 
Then 

( t~ l/2 - 1 1/2 
X-rl = £ X-W n ^T7=f 

pev(w,z) \ke<t>(p) 

where b^ — ■ ■ • s^ k+i a^ k and t b v = t ik , see (I2.4.3P . 

(b) |RY10l Theorem 3.1] Let /j, £ fj£ an d fi x a reduced expression = ttJs^ • • -s^ £ 
iy v /or i/ie minimal length representative of the coset x^Wq. The nonsymmetric 
Macdonald polynomial 

E = V I 17 ^ I I TT sh (-6Dtht(-6V) Vl/2 xwt (p) 

^ 2^ 11 i _ sh(-6V) t ht(-&v) 11 y 1 r d( P )^ 

per(m M ) \k€<f>(p) q ) \fce0_(p) / 

where the sum is over the set T(m At ) = r(m M , 1) o/ alcove walks of type m M = 
(ttJ, z'i, . . . , i r ) beginning in the fundamental alcove. 

Proof. 

(a) This is proved by using the definition of and the commutation relations (12.3. 6p . 

(b) Since E^l = 1, then the result follows from (a) by setting w = m^, z — 1, using 

y-^l = tf^-Wt-W-Wl, X^l = X^T A{P) 1 = t^X^l. 

n 



□ 



The next result gives an expansion of a product of monomials and intertwining operators 
in terms of intertwining operators in H. 

Recall the definition of X z from Equation (I2.3.4p : identify a reduced expression z 



alcoves 



• s- ± [it j j * G W y with the minimal walk b from zk to A of type z 1 via the sequence of 



zk, zirjslk, zirJslsVk, (ztt/sV • • • <)A = A, so 



X z = iTlr...{Tir{n]r\ where e fc 



Given a walk h G T(z ,w ), let 



-1, if the fcth step of b is 
-1, if the fcth step of b is 



, , £,des(h) = {k | the fcth step of h is a descending crossing}, 

(j)asc(h) = {k | the fcth step of h is an ascending fold}, 

(3 16) ib(h) — ik ^ 6 S ^ 6 ^ °^ ^ * S an ascen< ^ m S an d e k — ~ 1 

^ ' 1 or the fcth step of /i is a descending fold and e& = +1 

Theorem 3.4. Zet 2, w G W v , and fix a reduced expression z = • • • (vrj)" 1 . T/ien 
where the sum is over all alcove walks of type z" 1 = (ii, . . . ,i r ) beginning in w~ 1 (7ij)^ 1 , 

»oo=( n ?wVn n '."^'r^ . 

\A;e0(h) / \fc€V(h) / fce5 dcs (/i) 

and /i^ indexes the kth active hyperplane of h, see ( 12.4. 2ft . 

Proof. The proof is by induction on the length of z. The base case is the formulas 

v (trV 2 -^)(F-^)|(^) _ v (tr 1 / 2 -^ 2 )^)!^) 
1 * J " Ti i-y-«. Y 1 i-y< 

where e« G {±1}- For the induction step, let h G T(^~ 1 ,w~ 1 ), 

-1/2 _ 1/2 1 _ f -ly-hX , , ^-^v 

*< y > = n ^?r^r n ^. = n ^ V-TV - 

fcG«/>(/i) k&t/j(h) ke£ dcs (h) 

and let h\,h2 G r(t?~ 1 s^ / , w;" 1 ) be the two extensions of /t by a crossing and a folding of type 
i, respectively. 
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By induction, a term in (Tj V ) ei X 2 r^ is 
(-l)\^\(T^r: ih) - igh (Y)n h (Y) 

,,-1/2 _ ,l/2x /y_ovU(l-ei)\ 

-l)'*- (fc)l ( " - < hrl g h (Y)n h (Y), if > e (/ i ), 

/ .-1/2 _ ,l/2x / ya vxi(l+ei)\ 

(-1)'*™ | ^ + - x _ ya v j ^ (fc) _ iyfc (y)n fc (y), if e{h)s« < e(h), 

= (-l) lMhl % hl ^9HAY)n hl (Y) + {-l)^)\ T v w _ 1 g^n,»O r ), 
since if e(h)s v < e(h) (the last step is descending), then 

V V _ / V\2 V _ V / 1 l i 1 \ / 1 

r i r e(ft)-i - { T i ) T (sYe(hi))-i ~ T e(hi)--t I j _ y _ e(/ll)a v H ]_ _ y-e(fe) Q y 

and the hyperplane crossed by the last step of hi is indexed by 

h% +1 = —e(h)a^ = — e(/ii)s J v a i v = e(hi)a( . 

□ 

The bijection between left and right Wo-cosets of W y gives a bijection between minimal 
length left coset representatives and alcoves in the dominant chamber (minimal length right 
coset representatives) via taking inverses: 

W v /W < — ► W \W V 
m M -H- m~ l . 

If h is a walk whose endpoint e(h) is in the dominant chamber, define w{h) G fjj by 

(3.1.7) e(Zi)- 1 = m ro(/l) . 

Let 

(3 1 8) ^ aff (^) = I ^ ne fcth step of h is a fold touching an affine hyperplane}, 

o (/i) = {k | the fcth step of h is a fold touching a hyperplane containing 0}, 

/o -I Q \ / ru\ _ ) u a ru\ ^e fcth step of /i is a negative fold and e k = —1 
^ affW ~ \ G ^ affW or the fcth step of h is a positive fold and e k = +1 

The closure of the dominant chamber is C = {x G f)^ I < (a;, a v ) for a G -R+}. 

Corollary 3.5. Let /i G f)J, and /ix a reduced expression m M = s^. • • • (ttJ) -1 /or the 
minimal length element in the coset x^Wq. The monomial X^ 1 as a linear combination 
of nonsymmetric Macdonald polynomials is 

X " = C' 2 E (-^- {h) 9 h n h E^ hh 
13 



where the sum is over all alcove walks of type m M 1 = (jrj, i±, . . . , i r ) beginning in the fun- 
damental alcove and contained in C, 

» = ( n « /2 ) ( n dftM ( n 

1 _ qM-K^i-hXHr 1 i _ q sH-hX) t u(-hX) t . h 

11 1 _ Q sh(-hX) t ht(-hX) h 1 _ sh(-hX) t ht(-hV) k > 

fce£_(/i) ^ ^ 

/i^ indexes the kth active hyperplane of h, and e\,...,e r are as defined in ( 12. 3.4ft . 

Proo/. Since X^l = X^T^l = t~l[ 2 X m i*l, then set z = m„, to = 1 in Theorem ULl and 
use 

y-^l = g^-^-«)l, and ^1 = ^1 = ^)1. 

The main difference in applying the formula for in Theorem 13.41 to 1 is that if a walk 
h G r(m~ 1 ) is not contained in the dominant chamber, then it has zero contribution to the 
sum. Identify the expression r^^-in^Y) with the product of interwining operators which 
correspond to the crossing steps of h. That is, 

where the c^th step of h is a crossing for d — 1, . . . , I. If h leaves the dominant chamber at 
the fcth crossing, then • ■ ■ {-k)-)^ 1 \ is not a minimal length coset representative, 
and 

r: ih) -,n h (Y)g h (Y)l = g h • • ■ (< • • ■ r£ (O^l) = 0. 

Since all walks which are now under consideration are contained in C, a few simplifications 
can be made. The steps of a walk h contained in C may be analyzed according to whether 
the active hyperplane is a wall of the dominant chamber (ie. is one of H a v, . . . , H Q v), or is an 
affine hyperplane. There are three possibilities: 

(a) k G £afr(^) : the fcth step of h crosses an affine hyperplane. 

In this case, ascending crossings are equivalent to positive crossings, and descending 
crossings are equivalent to negative crossings. So £des(^) = 

(b) k G 4> {h): the kth step of h is a fold touching a wall of C. 

In this case, Y~ h kl = g t _ ^V^ = tr 1 ) and the fold is necessarily ascending and 
positive. In particular, 

\-Y-K lk 

(c) k G (pa,s(h): the fcth step of h is a fold touching an affine hyperplane. 

In this case, ascending folds are equivalent to negative folds, and descending folds 
are equivalent to positive folds. 

14 



Therefore, (b) and (c) give 



(_!),*„.<„, ( JJ S^C ] ( JJ y-K ) J 

= ( n «r) n ; S-i&-*> n ^^-^ i- 

□ 

Remark 3.6. 

(a) If the walk h is contained in the dominant chamber and the kth step of h is a fold 
against an affine hyperplane indexed by = —(3 V + jd, then q sh( -~ h kH ht( -~ h k , >l = 
qH^'ril, where j G N and (/3 v ,p) G N, since /3 V G i^- 

(b) Moreover, if /x is a dominant weight, then e& = —1 for all A; = l,...,r in equa- 
tion f)2.3.4p . and so 

ipas{h) = (f>-(h). 

3.2. Symmetric Macdonald polynomials. The dominant weights are 

(i)*z) + = e t)*z I 0", «, V ) > for i = 1, . . . , n}. 

Given a dominant weight \i G (f)J) + , let G iy v be the shortest element in the coset 
x^Wq (see equation CI2.2.3[) ) . Let C Wo be the stabilizer of /x, W M be the minimal length 
representatives of W /W^, and u> M G W^, w M G If be the longest element in their respective 
set (see |BB05j ). Also let W^{t) = Ylmew ^ u De ^ ne Poincare polynomial of W^. 

Lemma 3.7. Let \i G (t)^) + , and let W^(t) be the Poincare polynomial of the stabilizer of 
fi. Then 

e( n i V^r ) ( n g ^^ W^w. 



Proof. For it G W M , since 

£(l,ii) = {n/? v G^:^ v G^}, and jC{u,w^) = \u(3 y G i?^ : /3 V G -R^} , 
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then 



e n 



t; 



a v g£(ii,U! M ) 



J _ fht(-aV) 

«eW M \a v e£(i,«) 



£ 



J 



\ 



11 «/3 v i_y«/? v 



em n "4 



i - y/» v t, 



= u|w M (t)i, 

where the last equality is [NR031 Corollary 2.6(a)]. □ 

Definition 3.8. The symmetric Macdonald polynomial P M G IKfX] 1 ^ indexed by fi G (f)J) + 
is defined by 

(3-2.1) P M 1 = _ t/ 1 - 1 <1, where 1 = ^ 

See [M03l (5.5.7) and (5.7.10)]. 



The symmetric Macdonald polynomials {P^l \ fi G (f)^) + } is a basis for the V|/o _ i nvar i an t 
polynomials 

K[X} Wo l = {fl | wfl = fl for all w G W }. 

Remark 3.9. The polynomial P M is normalized so that the coefficient of in the monomial 
expansion of P M is 1. The normalization chosen here is different from that in |RY10j . 

The following result provides an expression for 1 in terms of intertwining operators. From 
this, P M can be expressed as a linear combination of E u for v G Wq^l. 



Proposition 3.10. [MM p. 203]. Also see [MM (5.7.8)] and [C95bl (4.13)]. 
Recall jC(v, w) = {a v G | H a v separates vk and wk}. 

(a) TTie symmetrizing operator is 



i»=£^ v n 



t 



1/2 



toeVKo \ a v e£(iu _1 ,wo) 



i - y- a " 



(b) For/iG(^) + , 



n 



flV 1 _ a sh(-a v )^ht(-aV) 
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Proof, (a) Since 1 = 52 weWo twlw T w , then 1 o can be written in the form X^uieWo ^w^w 
where each b w is a rational function in Y . The coefficient of T WQ in lo is 1, hence b Wo = 1. 
The other b w can be computed by induction on the length of w, comparing coefficients in 



E T w b wt} /2 = l t} /2 = l Ti = E T w h wTi = E T w h -> 



tr 1/2 -ty 2 ' 



f - Y~<*i 



using IqT, = lot- 7 for i = 1, . . . , n from [M03l (5.5.9)]. 

(b) Each element w in Wq has a unique factorization of the form w = vu where v G W M 
and u G W^, so following (a), 

lo = E ^VW 1 ) = Yl T v b (v-\v^) E T u\u 

wgw \v£Wv / 



- 1 ^T 1 ) 



where 



(3.2.2) b M = n ^ 2 ^ ly ^ 



1/2 



Applying 1 to 1, and using the fact that T u fl = t u fl if u(fl) = /l, then 

io<i = f E ^Vv,- 1 )) ( E C r « ) <i = CXW f E A-^a) 1 

- t-ww frtvf TT ^ i-^H^H-A 

- V 2^ 11 ^ 1 _ sh( - a v )tht( _ a v ) e V ij\. 

Observe that rn~ l v~ l = (^m M ) _1 = x _u ' oAt . □ 

The following calculation shows that if the weights /i and lie in the same V^-orbit, then 
l r^ 1 and IqT^I differ by a scalar multiple. 

Proposition 3.11. Let \i G (f)J) + anc? v G W M wift tim,, > m M . TTien 



i 1 _ sh(-aV) ,ht(-aV) t 

-, V V -i _ I 4~2 " a I i V -I 

^ T v T m^ ~ \ 11 V 1 _ sh (- a v) t ht(-aV) | 1|)T ra/' 

\a v e£(m^ 1 ,m^ 1 r 1 ) 



where C(v, w) = {a v G | H a v separates v and w}. 



Proof. By [M03l (5.5.J 



InT, 



Int. 2 for i 



n, so 



1 v.. 

lor, r M l 




i 

t„ 2 



Y- 



r «, 1 = lor u 



tf + 



_i i 
t 5 - t? 



?S h(-w- i o ! y) i ht(-w- i Q ! y) 
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Let v = Sjj • • • Si r £ be a reduced expression, so that loT„ 1 = Iot^ • • ■ t^t„ 1. 
Starting with r^, commuting each from left to right gives 



_i i 



y "V 0l r + 



n I & + 



_1 1 
1 / 2 _ J. 2 



1 _ g sh(-aV) t ht(-oV) 



□ 



See Remark 14.31 for an alternate formulation of this statement. 

4. Multiplication formulas 

In this section, all alcove walks under consideration are contained in the closure C of the 
dominant chamber. 

4.1. Littlewood-Richardson formulas. Various multiplication formulas for Macdonald 
polynomials can be obtained by applying Theorem 13.41 to 1. 

Corollary 4.1. Let fi, A £ f)J, and fix a reduced expression x^ = ■ ■ • s^(7rj) -1 . Then 

X»E X = (-i)* Ah) 9hn h E Mh) , 
feer^ic-'sm" 1 ) 

where the sum is over the set of alcove walks of type x~^ = (ttJ , ii, . . . , i r ) beginning in m^ 1 
and contained in C, 



t 1/2 - t\ 12 



9h 



nt e *' 2 TT * ^ TT a M-hi) t ^(-K) 

11 !_ sK-K) t ht{-hi) ) \ 11 « 



B h(-hX) t ht(-hX) 1 _ 8h(-hV) t ht(-hV) 



/i^ indexes the kth active hyperplane of h, and 6x,...,e r are as defined in (I2.3.4P . 

Proof. Apply Theorem 13.41 to 1 with z = x M , w = m\ , and the proof is the same as for 
Corollary ESI □ 

Next, we examine multiplication involving symmetric Macdonald polynomials. The fol- 
lowing notation will be used throughout the rest of this section. 

For \i £ f)g, A £ + ) fi x a reduced expression for the minimal length representative 
m M = s y ir ■ ■ ■ s^TTj)" 1 of the coset x^Wq. For v £ W x , let {jhz 1 , {vm\)~ 1 } denote the set 
of alcove walks satisfying the following properties: 

(1) has type m" 1 = (ttJ, i x , . . . , i r ), 
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(2) begins in (vmx)" 1 , 

(3) is contained in C, 

(4) each fold is coloured either black or grey. 



Given h G T%, let 
(4.1.1) 

(4.1.2) e k (h) 



p(h) be the walk obtained by straightening all grey folds of h, 
and translated so that it ends in 1, 



+ 1 if the kth step of p{h) is positive, 
-1 if the kth step of p{h) is negative. 



See Example 14.71 for an illustration. 

Theorem 4.2. Let fi G f)J, A G (f)J) + , an< ^ fi x a reduced expression for the minimal length 



representative m. 



wr 1 



of the coset x^Wq. Then 



E E 



-l)IWh)l 6h JJ Cfc(h) ]s 



fc=l 



where \4> RreY (h)\ is the number negative grey folds of h, 



(4.1.3) 6, = n 

a v e£(b(h),x- , "0 A ) 



1/2 l_ g sh(-aV) t ht(-aV)^-l 
1 _ g sh(-aV) t ht(-aV) ' 

and £/ie coefficient Ck(h) arising from the kth step of h is 

S h(-hV) t ht(-hV) t -l j _ sh(-hV) t h t (-^) t 



b(/i) is where h begins, 



1. 
1 



q K -fi-" ""'i ik L — q" 

1 _ q sh(-hV) t ht(-h)>) I _ qSh (-hX) t ht(-hV) 



for a positive crossing, 
for a negative crossing, 



(4.1.4) 



(t"V2 _ t l/2^ q s H -h-) t U(-h-)^(l-e k (h)) 
(t" 1 / 2 _ tV2^ ? sh(-/ l V) t i 1 t(-/ l v ) -ji (1+e)t(/l)) 



'7 



,-1/2 1/2 
1 _ sh(-bV) t ht(-6V) ' 



(V 1/2 -^ 2 )(g sh (-^)t ht (-^); 



for a grey fold 

touching a wall ofC, 

for a negative grey fold 

touching an affine hyperplane, 

for a positive grey fold 

touching an affine hyperplane, 

for a black fold such that the 
kth step of p(h) is positive, 

for a black fold such that the 
kth step of p{h) is negative, 



1 _ ? sh(-6£)£ht(-&v) 

w(h), h%, e k (h) are respectively defined in fl3X7j) . fl2X2|) . fT4X2l . and b y k = s^sV • • ■ s^a 
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Proof. The idea is to expand in terms of monomials X u (Theorem 13.31) . and then ex- 
pand X U P\ in terms of nonsymmetric Macdonald polynomials (Proposition 13.101 and Corol- 
lary EE]). 



Since 

£ U*Z^\ where /, = j Jl-i^) II i*-*"**-*', 

with notation from Theorem 13.31 Then 

= *«J /2 Wa(*) £ 6( (wnx )-i jX -«»oA) £ / p X e(p) r„ v mA l, 

j;SH/ a pGr(m M ) 

1/2 1 — gSh(-a v )^ht(-a v )^-J 

where b^^-i^-^ = JJ t^ 2 - - sh( _ a v )tht( „ a v" V , as in Proposition EM 

The next step is to express X e ^r^ 1 in terms of nonsymmetric Macdonald polynomials. 
The way this is achieved in Corollary 14.11 is to interpret X e ^ as a minimal length walk 
(without any folds) of type e(p) _1 and beginning in the alcove (wmj)" 1 , then the terms in 
the expansion of X^'r^ 1 are generated by folding this walk in all possible ways (and only 
keeping those which are contained in the dominant chamber). 

Instead, we interpret f p X e ^ as a walk (possibly having folds) of type m~ l and beginning in 
(vrrix)" 1 . Then the terms in the expansion of f p X e ^ t„ 1 in the nonsymmetric Macdonald 
polynomial basis are generated by folding this walk in all possible ways (and keeping those 
contained in the dominant chamber). These newly introduced folds contribute coefficients 
which are different from those coming from the folds of the seminal walk, so we keep track 
of the new folds by colouring them grey. What remains to be done is to unify the previous 
concepts of various kinds of crossings and foldings from Theorem 13.31 and Corollary 14.11 

That is, 

fpX'Mr^l = f m X)(-l) IWh) W^(k)l 

h 

where the sum is over all alcove walks of type m~ l beginning in (nmj)" 1 , which are contained 
in C, such that the kth step is a black fold if and only if the fcth step of p(h) is a fold 
(see f)4.1.ip ). and all other folds are grey. Here, the coefficient involves grey folds only 
(see Corollary I4.ip . and 

fm- n t fejho n for % =<•-<_,<■ 
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Thus, 

v£W x p6r(m M ) 

= E E ((-i) 1 ^^*!:^,)^)!. 

few A her=(m f : 1 ,(Dm A )- 1 ) \ fc=1 / 

The steps of h may be a crossing, a grey fold, or a black fold, and depending on the step, 
the coefficient Ck{h) contributed by the fcth step of h is summarized in table ( 14. 1.4ft . □ 

The next result expresses the product of two symmetric Macdonald polynomials in terms of 
symmetric Macdonald polynomials. For the purposes of simplifying the notation, we assume 
for the remainder of this section that the walls of C are labeled by the negative coroots 
{— c^i , . . . , — a y } instead of the usual positive coroots. The labeling of the affine hyperplanes 
remain unchanged from before; they are labeled by positive affine coroots {— a y + jd \ a y G 

K, j e z>!>. 

Remark 4.3. It is now useful to phrase Proposition 13.111 another way. Given \x G (t)^)" 1 ", 



i<i = ( we*)) p,i = ( n & x : l^v^v' ] pa, 



(this is where we use the convention that the walls of C are labeled by negative coroots rather 
than positive coroots), then for z G W^, 

( T-r —I 1 — sh(-a v ) t ht(-a v ), \ 

Va^Cm- 1 ™- 1 ,™-^- 1 ) / 

Observe that Tn~ x w~ l = w;" 1 = x _u, ° M w;o- 

Theorem 4.4. Let /i, A G (f)J) + , and fix a reduced expression for the minimal length rep- 
resentative = s y r ■ ■ ■ s^(7rj) _1 of the coset x^Wq. With the same notation from Theo- 
rem \4-£\ then 

p,Px = J e E ( (-1) Wfc v* n c m ) p-^ {h) , 

w^t) v£W ^ h& i{, A -\ (vmx) -i) \ k=\ J 

where 

_ l 1 _ q sh(-a v ) t ht(-a v ) t v 

(4.1.6) e h = [I tj — h( _ Q v )tht( _ aV) a , e(/i) ^ S ^ere h ends. 

a v e£(a;» t ( h )wo,e(/i)) 

_ j_ 

Proof. Since W A1 (t)P A1 l = lo-E^lo, then the result can obtained by applying the operator 
1 to both sides of the equation in Theorem 14.21 

The weight zu(h) defined by e(/i) _1 = m^h) is not necessarily dominant, so lo-E ro (h)l is a 
certain scalar multiple of a symmetric Macdonald polynomial. To find this scalar, let z G Wq 
be of minimal length such that zw(h)+ = w{h). Note that w""^ = rn- Wo zv(h) + , as w{h) + 
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is a dominant weight. Moreover, m_ WQm ^ + is the minimal length representative of the coset 
2 rt *Wo, because the endpoint e(h) is in that coset by definition, therefore 

Wt(/i) = —Wqw(K) + . 

Hence remark 1431 gives 

vv [ TT -I 1 - q sH ~ aV) t ht{ ~ aV) t a v\ 

lo^ ro (fe)l = 1 0^ V Tm roW+ 1 = 11 V J _ sh(-av) t ht(-av) a ^-wowt (h) 1 » 

\a v e£(a;"(' l )t(;o,e(?i)) / 

since e(h) = m"^ = m^)^" 1 ' and 

VaI = — r~ Io^-PaI = E E a>h(q,t)e h P_ WoVt ( h) l, 

where flfc ( 9j t) = ((-1) W*0& h <*(,,)) ■ □ 

Remark 4.5. Theorem 13.31 gives the expansion of E^ in terms of monomials, so in theory, 
the product of nonsymmetric Macdonald polynomials may be computed as a sum over pairs 
of paths. That is, since 

_1 _L 

E = ftK,X wt{p) where f = TT TT a sh ^h ht{ ~ b ^ 

then 



^1 = ^,1= £ 

per(m M ) 

= E /p4o E (-i)*- (fc WAwi, 

per(m M ) fii6r(x- ,rt (p),m^ 1 ) 
with the same notations from Theorem 13.31 and Corollary 14.11 
Remark 4.6. 



(1) Using interpolation Macdonald polynomials, Baratta obtained type A Pieri-type for- 
mulas |B09t Propositions, 10] for the expansion of E^q, t)P ul (0, 0) and E^q, t)P Un (0, 0) 
in terms of nonsymmetric Macdonald polynomials. Also see |La08j . 

(2) Haglund, Luoto, Mason, and van Willigenburg considered the type A case at q — t = 
0, when P\(0,0) is a Schur polynomial and E\(0,0) is a Demazure character, and 
obtained a formula for the expansion of £^(0, 0)P\(0, 0) in terms of £^(0,0) with 
positive coefficients |HLMvW09t Theorem 6.1]. The coefficients Ylh:&(h)=-y ah (®>®) 
count certain fillings of skew tableau-like diagrams called skyline diagrams. 

(3) Recently, a generalized Macdonald operator was introduced by van Diejen and Em- 
siz [vDElO], who used it to obtain Pieri formulas for Macondald polynomials of 
arbitrary type, and also a Littlewood- Richardson formula for 'small weights'. 

Example 4.7. See section \5\ for more details on the alcove picture of type sl 2 . 
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The following walks hi and h 2 G ^(m^^, (sim 2ul ) x ) are used in the expansion of 

E 

-%u)P2u in terms of nonsymmetric Macdonald polynomials. Each is of type fn_^ = 
(0, 1, 0, 1, 0, 1, 0, 1) and begins in (sim 2uJ )~ l = x 2u) . 



x 

H -a v +2d 



2uj 



-a v +4d 



-a v +6d 



-o v +8d 



The endpoint is in e(hi) 



SqSiSqS^ = m 6 J, so w(hi) = 6u. 



x 

-2,1 



2uj 



-a v +4d 



'+6d 



-8d 



The endpoint is in e(h 2 ) = Sq = ?n 2 J, so zu(h 2 ) = 2u. Notice that h 2 is obtained from hi 
by folding the fourth and eighth steps; these are indicated in grey. 

Since h 2 is generated from h x , then p = p(hi) = p(h 2 ) defined in (14.1. ip . is 



p : 



X Alu Si 



-2d 



and the crossing steps give (ei, e<±, e$, e$, eg) 



R-a v +4d 
(-1,-1,-1, 



■1,+1). 



-a v +8d 



For k 



, 8, the coroots 



*fe-l l k 



— a y + kd is the sequence of labels of 



hyperplanes crossed by the walk of type fh^^ beginning in 1 



-a v +2d 



-a v +4d 



-a v +6d 



X 

K-a v +8d 



8^ 



Using Theorem 14.21 we compute the terms in the expansion of E_ &LU P 2u] arising from hi 
d h 2 . Both walks begin in x 2uJ , so b^hj),x 2 ^) = 1 for j = 1, 2. 

From h±, 



rki-t) t~Ui-t)q 3 t 

Cl = 1 ' C2 = ^7T' C3= 1-qH ' C4 = 1 ' 

H(l-t) l-g 6 1-qH 2 

23 



so hi gives rise to the term 

1 - t l-t l-t 1 - g 6 1 - qH 2 3 _ i 
1 - qH 1 - qH 1 - g 7 t 1 - g 6 t 1 - qH 9 * * 6 "' 

From /i 2 , 

t"^(l-t)g 3 t t~^(l-t)g 4 t 

Cl = 1 ' C2= l-g 2 t > C3= 1-^ > C4= 1-^ > 

l-g 3 l-g 3 t 2 l-g 2 l-g 2 t 2 H(l-t) 

° 5 ~ 1 - qH 1 - qH ' C6 ~ 1 - qH 1 - qH ' ° 7 ~ 1 - qH ' ° 8 ~ 1 - qH ' 

and /&2 has two negative grey folds, so it gives rise to the term 

2 l-t l-t 1 - t 1 - q 3 1 - g 3 t 2 1 - q 2 1 - g 2 t 2 l-t l-t 7 _i 
^~ ^ 1 - g 2 t 1 - qH 1 - g 4 t 1 - qH 1 - g 3 t 1 - qH I - qH I - qH I - q 2 t q 1 " 2w ' 



4.2. Pieri formulas. This section concerns the special cases of Theorems 14.21 and 14.41 when 
\i = Uj G (f)J) + is a minuscule weight. Recall that x W: > = m Uj v Uj . In this section, we 
will use the notation Vj — v u .. Also, in this case, the minimal length coset representative 
™ . = ttY G n v . So 



= tt/1 = X u >T vT il = tl Tl X u n. 



Moreover, the walks appearing in Theorems 14. 21 and 14.41 have type (7rJ) -1 , which is a "change 
in sheets". Such walks do not have crossings or foldings, so the product formulas simplify 
significantly. For A G (f)J) + , 

(4.2.1) E Uj Px = } J } J b^h^x-wo^Ezcih), 

v£W x /igr((7r J v )- 1 ,(t;m A )- 1 ) 

(4.2.2) PojjPx — ~i ^ ^(b(h),a;-™0 A )e( :r »t(h) u , 0ie (/ l ))-P-i«o W t(h) ) 

where each sum is over the set of alcove walks of type beginning in (vrrix)" 1 for 

v G W x . Recall that the weight w{h) is defined by e(/i) _1 = m^th), an d 

1 1 _ gSh(-a v )£ht(-a v )£-L 

( 4 - 2 - 3 ) b (b(h),x-™o>) = II *av 1 _ gshf-avj^htf-ov* ' 

a v e£(b(ft),a;- , "0 A ) 

_i 1 _ g sh (- aV )t ht (" aV )t a v 

Given a walk beginning in b(h) = m^v -1 , its endpoint is in e(h) = v~ 1 (tt^)^ 1 , so 
m C7 (/i) = e(Zi)" 1 = 7ijVm\ means that ro(/i) = 7rJt>A = x^v^vX = vj vX + Uj. Thus we 
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may also write 



/ 



A 



vew x 



n 



i 



1 - g sh (- 



6m 



1 _ gSh(-aV)^ht(- 



E..-i 



Vj vX+Ulj 



4.3. Compression of the Pieri formula. Formula (14. 2. 2ft is a sum over \W X \ walks, and 
many of the walks have the same weight. By imposing a condition on the final direction of 
the walks and modifying the coefficients appropriately, the formula can be compressed to 
contain the minimal number of terms. 

Corollary 4.8. Let ujj be a minuscule weight, and X be a dominant weight. Then with the 
same notation as (I4.2.3P and (14.2.41) . 

b(\>(h),x- w O x ) e (x* t Ww ,e(h)w u . ) P-w vt{h) , 

hsr((^v ) -i i(zmA) -i ) 
z£\v x , d(k)ew"i 

where the sum is over the set of alcove walks of type (7rJ) _1 , beginning in m^ l z~ l for z G W x , 
and has final direction d{h) G W Ui . 

Remark 4.9. 

(1) The initial direction of h is defined by X~ w ° x T i (f l y It follows from equation (14.3.21) 
that the final direction condition d(h) G W ulj is equivalent to the initial direction 
condition i(h) G W~ W0U1 . 

(2) Since the walks which are under consideration do not have folds, then the condition 
that the walks begin in the alcoves m^z" 1 for z G W x is enough to guarantee that 
the walks are contained in the closure of the dominant chamber. 

Proof. If a walk h begins in the alcove 

(4.3.1) b{h) = m-'z- 1 = m-^xz- 1 = x~ w ° x (vxz' 1 ) , 

for some z G W x , then h has initial direction i(h) = v\z~ x . And since h is a walk of type 
(7rJ) _1 , then h ends in the alcove 

(4.3.2) e{h) = bih)^)' 1 = x~ woX x{h){x^vj 1 )- 1 = x -*«* x -W)vm (i(h)vj) , 
so h has final direction d(h) = i(h)vj, and weight 

(4.3.3) wt(h) = —w (A + WQ l i{h)vjUJj) = —w (A + w^d^fyuj) . 

The weights of the walks h G r((7rj) -1 , (wmj)" 1 ) are not distinct, since the stabilizer of 
Uj is not trivial. The idea is to group together the walks with the same weight by factoring 
i(h) = vw for v G W~ wo ^ and w G W- WoUj . 

We make one more observation before proceeding with the calculation. Suppose h is a 
walk beginning in an alcove x~ w ° x u, for some u G Wq, which is not contained in the dominant 
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PuijPx — 



chamber, and that the hyperplane H_ Q v separates the alcove from the dominant chamber. 
Notice that one of the factors of the coefficient 



( 4 - 3 - 4 ) 6 (b(&).x-»oA) = n 

a v eC(b(h),x- w O x 



i 1 _ g sh(-a v ) t ht(-a v )£-l 
aV 1 _ qsh(-a v )-j-ht(-a v ) 



1 1 — t k tv l 

is tj*— — ^— = 0, so that b^ h ^ x -w x) = in this case. Therefore, although such walks 



are not counted in equation (I4.2.2p . it will still make sense to include them in the following 
calculation. 

Consider the bijections 

: W- WoUj W Uj : w !->■ w = v^wvj, and " : W~ WoUJj -> W Uj : v i->- v = Wj. 

With this notation, then i(h) = vw if and only if d(h) = vw. By equations (I4.3.ip and (I4.3.2p . 
the walks h have the same weight only if 

b(h) eB v = {x~ woX vw | w g W. WQLUj }, 

for a fixed v G W ~ WqUj j , or equivalently, if 

e(h)e£v = {x* tW vw\weW Uj }, 
for a fixed v G W Uj . Since br x -w x VWiX -w \ v \ = ftfowtw^-jwc/Oe)) then 

^(b(h),x-"'0>') e ( a: » t (' l )«io,e(/i)) 

h:e(h)E£v 



— ^( x -™o A i,,x- m o A ) e (x» t (' 1 )wo,x" t ( h )iii« [J J^^^ / ' tJ i(^)-'-' 

by Lemma I3TT1 Therefore, we can restrict to walks which have final direction d(h) = v G W Wj , 

PuijPx — ^(b(h),x- w 0^ e (^x M ( h )w ,e(h)w Uj )^- w o^b(h)- 
h:d{h)eW w i 

□ 



4.4. Type A Pieri formulas and partitions. In the case of the type A n root systems, 
Macdonald gave Pieri formulas for symmetric Macdonald polynomials in terms of parti- 
tions. This section is a brief sketch of the relation between the alcove walk combinatorics 
in Corollary 14.81 and the partition combinatorics in Macdonald's formula |M88l (6.24)(iv)], 
reproduced below. 

In the type A n setting, the parameters t = to = ■ ■ ■ = t n are necessarily all equal. The 
correspondence between partitions with at most n + 1 parts and type A n dominant weights 
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is as follows: 

column partitions (P) <H- minuscule weights Uj for j = 1, . . . , n, 
column partition (l n+1 ) -H- weight 0, 

so 

e j = s (i i ) = -^w-GZjO i s the elementary symmetric polynomial. 
Viewing a partition k as a collection of boxes justified to the top and the left, the arm-length 
and leg-length of a box s in the ith row and jth column of k are 

a K (s) = Ki — j = number of boxes to the east of s, 
l K (s) = k'j — i = number of boxes to the south of s. 

If ac D A, let C K ^\ (respectively R K -\) be the set of columns (respectively rows) of ac that 
intersect the skew partition k — X. 

Theorem 4.10. [M88l (6.24) (iv)] 



1 _ qa\(s)+l^h(s) i _ qa K {s)^l K {s)+l 
u * X = ^ H 1 _ a a K (s)+l t l K (s) I _ g a x (s) t l x (s)+l 



where the sum is over the set of partitions k with at most n + 1 parts, obtained from A by 
adding j boxes, with no two in the same row. □ 

To draw the connection between walks and partitions, we begin by considering Corol- 
lary |478] with parameters tj = t: 

Corollary 4.8. 

P Uj P\ 

I 11 \ X I _ sh(-a v )£ht(-a v ) \ X I _ sh(-a v Uht(-a v ) M^W' 

h \a>VeC(i(h)) V H 7 V y 7 / 

where the sum is over the set of alcove walks of type 7rJ, beginning in the alcoves x x W U}j . 

Proof First, notice that C (b(/i), ar™° A ) = x~ w ° x C (1, i(/i)), while 
£(z rt < h >ii;o,e(/0^ 



so the coefficients in Corollary 14.81 can be rewritten as 

?! „ i _ it / '~-tooA i — y ^ 1 N \ / ' wt(At) i — y A n 

w (b(A J ), 2; -'"o^) e ( a: » t (' l )«,o,e(A l )^ :) )- L - 11 l x ' 1 _y- a v I I x ■ ]__y-«v J ■ L > 

a v G£(l,i(/i)) V 7 V 7 

where £-™° A = x «*(ft)+d(fc)wi by 

Next, consider the action of the automorphism — w$ : f)jjj — > fj^, which acts on the (type 
A n ) lattice f)J by sending i— > u n+ i_j. Hence, this automorphism also acts on the set of 
alcoves, with action given by 

-w (x^wk) = x'^w^wWqA, for G w G W . 
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Since A is a dominant weight, then 

(zmx)- 1 = m- x l z- 1 = m.^z- 1 = x^vZ^z' 1 = x- w ° x (zv- WoX y\ 

where zv- Wo \ G W~ w ° Wj . The Pieri formula stated above is the result of applying — wo to 
the set of alcoves. 

The last observation is, while it seems that the condition that walks must be contained 
in the dominant chamber is dropped in this version of Corollary I4.8[ in fact if the walk h 
begins outside the the dominant chamber, then the coefficient bh = for the same reason 
as explained in (I4.3.4p . So the Pieri formula remains unchanged even if the set of walks on 
which the sum runs over is expanded to include those which begin outside the dominant 
chamber. □ 

In what follows, we fix A G (f)J) + to be a regular dominant weight, so that when viewed 
as a partition, A does not have equal parts. Also fix a minuscule weight Uj. 

Let K, be the lattice of partitions which are obtained from A by adding j boxes with no 
two in the same row. Given k G fC, any box not contained in A will be called an added 
box. Since we assume that A has no equal parts, /C may be viewed as the set of j-subsets of 
[n + 1] = {l,...,n+l}, identifying n with the subset {r 1; . . . , r,} if the j boxes were added 
in rows r±, . . . ,rj of A to obtain k. The order in K. is defined by the covering relation: n 
covers 9 if and only if 9 can be obtained from k by moving one of the added boxes down 
one row. Thus, the unique maximal element 1 in /C is A with boxes added in rows 1 through 
j, and the unique minimal element in /C is A with boxes added in rows (n + 1) — (J — 1) 
through n + 1. 

Further, in the Hasse diagram representing the lattice JC, if k covers 9 and a box was 
moved from row i to row i + then the edge between k and 9 is labeled Sj. 

Recall r(vrj, x x W ulj ) is the set of alcove walks of type 7rJ which begin in the alcoves x x W UJj . 

Lemma 4.11. Assume X is a regular dominant weight, or equivalently, a partition with no 
equal parts. There is a bijection 

K. < — ► T(nJ,x x W^) 
k «->• h K 

such that 

(1) h K is the walk with wt(h K ) = k, 

(2) if a shortest path from k to 1 in K traverses the sequence of edges s^, . . . , s^, then 
i(h) = s h ■■■s k . 

(3) Moreover, for each pair k -h- h K , there is a bijection 

□ a v a v 

satisfying 

l K (n a v) = ht(-x K a v ), and a K (D a v) = sh(-x K a v ). 
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Proof. (1) Since A is a regular weight, then no matter which j rows we choose to add boxes, 
the resulting shape corresponds to a partition, hence the lattice /C has ( n ^ 1 ) elements. In 
the type A n root system, W = & n +i and W ulj = &j x 6„ +1 _j, thus \W Ui \ — (n+ l)!/j!(n + 
1 — j)! = ( n+1 ). So the sets in question have the same cardinality To each partition k G K., 
we assign the walk h K such that vrt(h K ) = n. 

(2) For i = 1, . . . , n + 1, adding a box in row z of the partition A yields the composition 
corresponding to the weight A + oji — Ui-i, where we use the notation u = uj n+ \ = 0. Hence, 
adding a box in rows 1 through i of A yields the partition A + cjj. 

If k is the partition obtained from A by adding j boxes in rows ri,...,rj (assuming 
ri < r 2 < ■ ■ • < rj), then « = A + X^i^n — w rj _i). Observe that 1 = A + cjj, while 
= A + VjUj. A minimal path in K from 1 to k can be constructed as follows: begin by 
traveling along the edges Sj, sj+i, . . . , s r ._2, s rj — i to reach the partition in which the last box 
in row j of 1 has been moved to row rj, then travel along the edges Sj_i, s^, . . . , s rj _j_^i to 
reach the partition in which the last box in row j — 1 of the previous partition has been 
moved to row ry_i, and so on, and end by traveling along the edges s±, sa, ■ ■ ■ , s ri _i to reach 
the partition k. 

Inverting these j sequences of edges gives a path from k to 1. Let 

cr fe = s rfc _is rfe _ 2 • • • Sfc+iSfc, for k = 1, . . . , j, and let a = o x o 2 ■ ■ ■ o> 

Then A + i(h)ujj = wt(h K ) = k = A + aojj. Since this is a path of minimal length in /C, then 
the above factorization is a reduced expression for i(h) = a G W^. 

(3) By equation f[2XTj) . 

C{±{h K )) = ja^-i, (sn-ia^-2), (s ri _is ri _ 2 • • ■ s 2 a^), 

(Cl^rj-l)) (Cl^-l^rg^)) •••) ( cr l s r 2 -l s r 2 -2 



•■■S3Q!2), 




In contrast, C k _a — -R«-a is the set of boxes in k which are in columns containing an added 
box, and in rows not containing an added box. For example, when k — 1, C K ~\ — R K -\ = 0. 

Consider the box that was added to A in row (and column c&). Column Ck contains 
{r k — 1) — (k — 1) boxes which are in C K ^\ — R K -\. Altogether, 

j j 

|C K _ A - R K „ X \ = ^(r fe - fc) = £V(c7 fc ) = £(<x) = = |£(i(M)l, 

fe=i fc=i 

noting that column Ck of k has £(<Tfc) boxes. Thus, define the correspondence C k _a — Rn-x ^ 
£(i(/i K )) as follows: to the boxes in column Ck which belong to C K ^\ — R K -\, assign in order 
from bottom to top, the coroots 

(o"l ■ ■ ■ &k-l®r h -l)i " ' a k~lS rk ~iat k -2)-, (°"l ' ' ' &k-\Sr k -lSr k -2 • " ' Sfc+l^fc ) • 
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Using this particular choice of factorization for i(h K ), and noting that in the type A n root 
system 

( a v k + c#, if % = A; ± 1, 
s i a k = < -ait, if i = A;, 
I ajt, otherwise, 

we see that if the coroot 

7 V = (<?1 ■ ■ ■ O-fc-l) (s rj ,_iS r)s _2 • • • Srfc-m+l) «r fc -m 

is the one which corresponds to the box D 7 v in column and row t of k under the above 
bijection, then 

V V1V1 iV i i V i V 

7 = a Pfc _i + a rk -2 + ■■■ + a rk -m + ■" + <+i + <*t • 
Hence it follows that 

ht(-zV) = ht( 7 v ) = r k -t = Z K (D 7 v), 
sh(-zV) = (^,7 V ) = X)* (^,7 V ) = a«(n 7 v), 

i=l 

where in k = Y^=i di^i is the number of columns in k with height i. □ 

Under the assumption that A has no equal parts, then a K (s) = a\(s) and l K (s) = l\(s) + 
1, for all k e K,. On the other hand, ht(-x A a v ) = ht(a v ) = ht(-x wt(h) a v ). Also, 
sh(-x wt W« v ) = (wt(/i),a v ) = (A + i(/i)" 1 w J ,a v ) = sh(-x A a v ) + (uj, i(h)a v ) for all a v G 
£(i(/z)), and since i(/i)~ 1 a v is of the form sys^_i ■ • • Sj f _ m+ io7_ m , then (a/,-, i(/i)ct v ) = — 1, 
and so sh(-x wt( ' i) a v ) = sh(-a; A a; v ) - 1. 

It is now clear that Theorem 14.101 and Corollary 14.81 are identical, in the case that A is a 
regular dominant weight (a partition with no equal parts). 

Remark 4.12. 

(1) In the case when A is not a regular dominant weight (a partition having equal parts), 
then |£(i(7i))| > C k _a — R K -x, and there are many canceling pairs of factors in 
the alcove walk formula which do not appear in the tableau formula. Note that 
a K (s) = a\(s), but l K (s) > l\(s) + 1 in this case. 

(2) The Pieri case involving multiplication with Pj Ul , where Pj^q.q) = sy) = hj is the 
jth complete symmetric polynomial, is more involved, and is likely related to the 
compression phenomenon discussed in [Lej . 

4.5. Hall-Littlewood polynomials. The Hall-Littlewood polynomials P M (t) = P /X (0, t)are 
the symmetric Macdonald polynomials under the specialization of the parameter q = 0. In 
this section, we assume all parameters ti — t for % = 0, . . . , n. 

Combinatorial formulas for Hall-Littlewood polynomials were given in |Sc06[ Theorem 
1.1], and a Pieri formula was given in |M88[ p. 217]. We restate the alcove walk formula 
[R061 Theorem 4.9] for the Littlewood- Richardson rule for P\{t) in the notation of this paper. 
Recall that the final direction d(h) is defined by X e ^ = X vt ^T d ^), and the initial direction 
i(h) is defined by X h ^ = X x T^ h y Let f (h) be the number of folds in h, and fo{h) be the 
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number of folds in h touching a wall of C. A positively folded walk is a walk with no negative 
folds. 



Theorem 4.13. [R06l Theorem 4.9]. Also see [Sc06l Theorem 1.3]. 

Let n, A G , and fix a reduced expression for x M . Then 

where the sum is over all positively folded alcove walks of type x M beginning inx x v forv G , 
contained in the shifted dominant chamber C — p. □ 

As a corollary to Theorem 14.41 we derive a different version of the above result. The main 
differences are that the walks under consideration are of type m M instead of and the 
walks are contained in C instead of C shifted by —p. 

Corollary 4.14. Let p, A G (f)J) + , and fix a reduced expression for m^. Then 

p,(t)p x (t) = t--^ E t^w)^"-*^ 

where the sum is over all positively folded alcove walks of type rh^ beginning in x x v -1 for 
v G W , contained in C. 

Proof. Keeping the notation from Theorem 14. 4[ let 

r 

a h (q,t) = (-l)^y(% h e h Y[c k{h) . 

k=l 

The first step is to show that the walks h G TS^m" 1 , (vm\)~ l ) for which ah{0,t) ^ are 
precisely those whose folds must be positive and grey. In this section, these are referred to 
as the 'grey positively folded walks'. 

The monomial expansion of is a sum over the set of walks r(m At ). There is a unique 
walk / G T(m M ) without folds, and since p, is a dominant weight, then every step of I is a 
positive crossing because / is contained in the dominant chamber. The walks in r(m M ) are 
generated by folding / in all possible ways, so if a walk p G T(m At ) has a fold, then it has at 
least one negative fold. At q = 0, Theorem 13.31 gives 

i 

Efi(0,t) = t 2 _iA M , if p is dominant. 

In other words, if h G T^m" 1 , (vrrix)^ 1 ) has a black fold, then p(h) has at least one negative 
black fold, so the last row of (14.1.41) gives 6^(0, t) = in this case. Thus, any walk with a 
black fold does not contribute to the expansion of P^(t)P\(t) in the basis of Hall-Littlewood 
polynomials. 

Another way to put this is if h survives setting q = 0, then p(h) is the unfolded walk 
of type m" 1 ending in 1. Accordingly, €k{h) = —1 for k = 1, . . . ,r, since p is a dominant 
weight. Using this observation, if h has a negative grey fold (so the fold must be against an 
affine wall), then the fourth row of (I4.1.4p gives a h (0,t) = in this case. 
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Since the walks now under consideration do not have negative grey folds, then the expan- 
sion of the product of Hall-Littlewood polynomials does not involve negative signs. Moreover, 
every fold is grey, so we may forget the colour of the folds for the remainder of this section. 
The remaining coefficients in Theorem 14.41 simplify: 

6h _ r ±We(/i)M(m„ t{h) )) = ^(/(d(fc)M(«Wt (h ))) 



t x / 2 , for (grey) folds touching a wall of C, 

t~V 2 (l _ f or (grey) folds touching an affine hyperplane. 



One last observation to make is that the action of the automorphism — wq : fjjjj — >■ f)^ acts 
on the lattice f)J by permuting ui, . . . , u n , so — w acts on the set of alcoves, given by 

-w (x^wk) = x'^^w^wwoA, for f3 E f)J, w E W . 

Since A is a dominant weight, then 

(ma)" 1 = V 1 = m_ WoX ir l = x-^vZl^v- 1 = x~ w ° x v x v-\ 

Therefore, if h is a walk of type m" 1 = m_ WQll beginning in (wmj)" 1 , then —Wo(h) is a walk 
of type m M beginning in x x Wq v x v ~ 1 Wq. Moreover, {vxir 1 \ v E W x } = {y^ 1 \ y E W~ w ° x }, 
so {woVxv^Wq 1 I v E W x } = {ir l \ v E W x }. 

Putting all the observations together, 



i i 



where the sum is over the set of positively folded walks of type m^, beginning in x x v~ 1 for 
v E W x , which are contained in C. 



i ii i 



To finish, note that ^«V)^(>A = t^t^ = t V/1 2 . □ 
Example 4.15. See section [5] for more details on the alcove picture of type 513. 
Let if — ui + UJ2- Using either Theorem 14.131 or Corollary I4.14[ 

pM = p 2ip (t) + (1 + t)p 3u)1 (t) + (1 + t)p 3u)2 (t) 

+ (2 + t(l - t))P v (t) + (1 + 2t + 2t 2 + t 3 )P (t). 

We remark that 16 walks were used in the first formula, and seven walks were used in the 
second formula. 



5. Mainly Lots of Examples 

5.1. Type s^. The root datum is 

f£ = lu, R = {±a}, fjz = Zw v , R v = {±a v }, 



with a = 2lo and a v = 2uo v . 

Let Sq = x a s\ and 7r v = x^s^. The extended affine Weyl group W v is generated by 
s^, Sq , 7r v , subject to the relations 

(5.1.1) (?r V ) 2 = l, 7r v ^ = ^7r v , (s, v ) 2 = 1, for % = 0, 1. 
Alternatively, 

(5.1.2) W v = {x kuJ w \keZ,we {1, s^}}. 

The following is the alcove picture for the extended affine Weyl group W v , showing the 
correspondence between the alcoves and the elements of W v . The periodic orientation is 
indicated by + and - on either side of the hyperplanes. The two ways of indexing the alcoves 
correspond to the two presentations f)5.1.ip and (I5.1.2P for W v . 



Sheet 7r x 



„v„v„v s v 



X 



-3u) 



x~ w si 



7T 



X s 



7T V ^ 



X 



7rV S V s V 



vrv s v s v s v 



3oj„V 



X 



Sheet 1 





„V V V 
b 1 b Q b 1 


s v V 


+ - 

4 


+ - 

1 

) 


+ - 
s 


„V V 


„V V V 
b b l b 






x~ a s\ 




4 


1 


x a s y 1 




x 2a s\ 





H Q v + 2d H a v +d H Q v H_ a v +(J H_Q,v + 2rf E_ a v +3d 



The double affine Hecke algebra over the field K = Q(g 1 / 2 ,t 1 ^ 2 ) is the algebra generated 
by 7r, T ,T 1; and the group X = {q k X^ \ k G ~Z, j G Z} subject to the relations 

vr 2 = 1, 7f = (t 1/2 - r 1/2 )T, + 1, for z = 0, 1, x juJ X kul = X^ +k)u) for j, k G Z, 

ttToTt" 1 = 71, TiX^Ti = vtA^t^ 1 = q 1/2 X~ w . 

Let (T V )^ = X a T 1: Y~ aV = Tf 1 ^" 1 , y~ Q o = q Y aV = gT Ti. The intertwiners are 
tt v = X U T 1} and 

t? = T? + V = (T?)- 1 + [ - , for i = 0, 1. 

For /i G f)J, the minimal coset representatives are given by 

X k " Sl = 7T V (s 1 7T V ) fc - 1 , fc>l 



, — — 5 

= ( Sl 7T V ) fc , fc < 0. 



Example 5.1. Littlewood-Richardson formulas. In this example, we calculate E^Pku 
and P 3 u>Pku> for k > 3. 
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Let /i = 3uj and A = ku. The minimal length representative of the coset x^Wq is 
— SqSitt w , so Theorem 14.21 and Theorem 14.41 give 

EtoPi*, = ((-l) IWh)l &*ci(h)C2(fc)) *W)> 
her* 

P^Pu. = ({-l) ] ^ lh)] he h Ci(h)C2(h)) P- m «t(h), 



where the walks are of type m 3 J = (7r v , 1, 0), and begin in x ku) or x ku) s\. There are 18 walks 
in all. 

According to where each walk begins and ends (the alcoves b(/i) and e(h)), we have 

1, if b{h) = x kw , fl, fte(h)=x iu si, 

i 1 — a k , and eh = < 1 1 — qH 2 

1 - qH' v ' ' I 1 - qH y ' 

Also note that for these calculations, we have 

Y~K x = Y ^-d x = ?tl> and Y ~by 2 1 = Y o?-id x = q 2 tl 

In the following figures, they are organized into four groups so that walks in a group are 
generated by the same walk p(h) (see (14.1.11) ). In this root system, — w wt(h) = w{h) + . 
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Group I. The walks in this group are generated by 



p(h) 



< < 



which gives e\ = — 1, e 2 = —1. 



h 



(_l)lfe oy WI Cl(h)C2(/i) 



(fc + 3)u> 



HH — h 



-(fc + 1)uj 



H — i — KH — \ 

fcaj 



_i 1 - q k +H 2 
2 1 - g fe+1 < 



-(fc - l)w 



H — HH — h 

kw 

(fc + l)w 

4-m-i 



H — KH — h 



fcu; 
-(fc - 3)(J 



H — I — h 

kid 



il-q k -H 2 
1 - q k ~H 



i 1 - q k i 1 - q k ~ 3 t 2 
t* V t~' 



(f"5 -t3)g fe +H\ (l-q k l-q k t 2 



1 - / \1 - g fe i 1 - <7 fc i 



(t-2 - t2)q k+1 t \ I ts - V- 



1 - q k +H 



1 - q k t 



1 - g^ 1 1 - q k - x t 2 \{ 1 - g fe " 2 1 - q k ~ 2 t 2 



l-q k t 1 - q k ~ 3 t \1 - q k - 1 t 1 - q k - 1 t J\l - q k - 2 t 1 - q k - 2 t 



(k - l)w 



H — h 



H — I — h 

kbJ 



l-q k 
T~qH 



1 - q^ 1 1 - g fe -H 2 \ / t~i -t 



1 - 1 - q k ~H J \ 1 - g fc - 2 t 



(fc + l)w 



H — I — h 

fco; 



1 

T^qH 



t-i-ti 

l-q k -H 



-(fc - 3)w 



H — I — h 

fco; 



i l - o fe 1 1 - o fc "H 2 



1 - q k t 1 - g fc " 1 i 



f-S -f5\ / (<-2 -t~-)q k t 



1 - <f 



1 - g fe i 
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Group II. The walks in this group are generated by 



p(h) = | < | i_| which gives e 2 = — 1. 



h b h e h (-l)^ {h) c m c 2{h) 



-(k - l)w 



1 t _il- q k ~H 2 ( {t~i -ti)qt\ ( l-q k 1 - q k t 2 



H — I — h— I — h 

few 



(fc + l)u 



H — h— I — h 



(k + l)u 

tTf! ! 



H — KH — I — h 

kui 



l-q k -H \ 1-qt \l-q k tl-q k t 



(t,-2 - t2)qt\ ( t~3 - t2 



1 - qt \ l-q k t 



i l-q k j (t^f ~* 5 )gf 

1 - g fc i 1 - 



' ' 2 1 - q k t 2 ~l~q k ~H ~\ 1 - qt j\ 1 - q k t 

-hH — I — I — 
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Group III. The walks in this group are generated by 



P (h) 



which gives €\ = +1. 



h 



-{k + l)cu 



H — I — KH — \ 

kuj 

(k + l)u> 

















i 
i 


— 



(k - l)w 



1 — KH — I — h 

few 
-(k - l)w 

i m i i 



1 — KH — I — h 



t~2 



1 - q k t 



l-q k 
1 - q k t 



eh 



1 - g fc+1 £ 2 
1 - q k+1 t 



q k -H 2 



1 - q k -H 



'Ci(h)C 2 (h) 
t^)q 2 t 



1-qH 



t-h -th \ ( (t-i-ti)q 2 t S 
1 - q k +H J I 1 - g 2 t 



1 - g^ 1 1 - q^t 2 
1 - q k ~H 1 - q k ~H 



(t~2 -t^)q 2 t 
l-q 2 t 



(£-3 - ti)q k - 1 t \ I (f5 - t^)q 2 t 



1 - q k - l t 



1 - q 2 t 



zu(h) 
-(fc + l)w 



(k + 1)lo 



(k - 1)cj 



-(ft-l)a; 



Group IV. The walks in this group are generated by 



P (h) 



h 

(k + l)u 

-PN- 



HH — h 



-(fc - l)w 

-W- 



H — I — h 

kto 



bn 
1 

1 -q k 
1 - g fe t 



e/, 
1 



i 1 - g fe - 1 i 2 



{-l)^ {h) c m c 2{h) 
\t-h - ti)q 2 t\ ( (t-i-ti) 



1 - q 2 t 



1 - qt 



(t-? -ti)q 2 t\ /(*-* — *9) 



1 -g 2 i 



1 - 



w{h) 
(k + l)u 
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Thus E 3ul P kul is a linear combination of E ik+3)u) , E_ (k+1)uJ , E( k+1 ) u , #_( fe _i) W) E( k -i) u , 
E-( k -3)oj, and after simplification, 

1 — t 1 — q k 

E^P ku = E {k+3)oj + q 2 - - — ^ - ^ k+2t t 1/2 E„ {k+1)uJ 

1 - t 1 - q 2 l-q k 1 - q k+ H 2 
+ 1 - q 1 - qH 1 - g*- 1 * 1 - 
, 1-t 1-g 2 l-g^ 1 l-g fc 1 - g fc t 2 1/2 

+ 9 1 _ g 1 _ g 2 U _ g k- Hl _ _ q k +H l 

1-t 1 - g^ 1 1 - g fc 1 - g fc - x t 2 1 - g fc t 2 
+ 1 - g 2 U - g fc " 2 t 1 - q k ~H 1 - 1 - qH {k ~ 1)uJ 

1 - q k ~ 2 1 - g fc " 2 t 2 1 - q k - x 1 - g^H 2 1 - q k 1/2 
+ 1 - g *-2t 1 _ q k-H 1 - g*- 1 * 1 - q k ~H 1 - E ~( k ~^- 



Proposition 13.111 gives 



i 1 - qH 



2 



1 — qH 

if e(/i) = x J ' w is a dominant weight. Thus, after simplification, 

^zw-Tkw ^(k+3)oj t ^ _ q Y - qm - qk-if i _ q k+2 t r ^+i)u> 

1-t 1 - q 3 1 - q k ~ x l-q k 1 - g*" 1 * 2 1 - qH 2 
+ 1 - q 1 - g 2 t 1 - g fc ~ 2 t 1 - g*" 1 * 1 - qH 1 - 9*+!* (fc_1)w 

1 - g fc ~ 2 1 - g fe ~ 2 t 2 1 - g^ 1 1 - q k 'H 2 1 - q k 1 - g fe ~ 3 t 2 
+ 1 - g fc ~ 2 t 1 - q k ~H 1 - 1 - q k ~H 1 - qH 1 - q k ~H (fc_3) "' 

Consider the case q = where the symmetric Macdonald polynomials become Hall- 
Littlewood polynomials. Following the discussion in Section 14.51 the walks giving a nonzero 
contribution to the sum are those whose only folds are positive and grey. The expression 

P^it)P ku {t) = P [k+3)uj (t) + (1 " t)P {k+l)LU (t) + (1 - t)P (fc _i )w (t) + P(fc- 3 ) W (t), 

is given by four positively folded walks, and coincides with the Littlewood-Richardson for- 
mulas [Sc06l Theorem 1.3] and |R06[ Theorem 4.9] for Hall-Littlewood polynomials. We also 
mention that 

E^{t)P ku {t) = E {k+3)uj (t) + (1 - t)E {k+1)ltJ (t) + (1 - t)E {k _ 1)uj (t) + t 1/2 £_ (fc _ 3)w (t). 

In the case q = t — 0, the symmetric Macdonald polynomials are Schur polynomials 
P M (0, 0) = s M , and the nonsymmetric Macdonald polynomials are Demazure characters 
En(0, 0) = A/j,. The dominant weights kcu correspond to the partitions (k, 0), and the weights 
—ku correspond to the compositions (0, k) for k > 0. The four positively folded walks 
correspond to the four Littlewood-Richardson tableaux that give the classical Littlewood- 
Richardson formula for Schur functions: 

SZojSkoj — S(fc+3)a; + S(fc_|_i) w + S(fc_i) w + S(fc_3) w - 

38 



By normalizing the nonsymmetric polynomials so that the coefficient of the monomial 
X M in Efj, is 1, (see the paragraph following f)3.1.ip ). then each term in 

corresponds to a skyline filling in the formula |HLMvW09t Theorem 6.1]. o 

Example 5.2. Pieri formulas. The weight u is minuscule in the s[ 2 root system. The two 
walks which give the expressions 

— (k— l)uii 
l-q k 1- q k ~H 2 

*cj*ku — -Mfc+lV + z 1—— Z i , Mfe— llojj 

1 — g ft t 1 — g' v ~ i t 

are walks of type mj 1 = 7r v corresponding to 'changes in sheets', and begin in the alcoves 

m kl ° r m ku S l- O 

5.2. Type sl 3 . Let {ei, £ 2 , £3} be an orthonormal basis for M 3 , and let {e\,e^,ef\ be its 
dual basis, where (£i,£j) = 5y. The simple roots and simple coroots are 

ai=£l-£ 2) «2 = £2-£3, V 9 = £: l _£: 3, 

aX^eX-e^ e* 2 v = £ 2 V - el = el - el 

so that the root and coroot lattices are Q = Zai+Za; 2 and Q = Zct^+Za^. The fundamental 
weights and fundamental coweights are 

wi = £i - |(£i + £ 2 + £3), w 2 = £1 + £2 - f (£1 + £2 + £3), 

cu 1 — e 1 — 3 [e 1 + £ 2 + £ 3 J , w 2 — e 1 + e 2 — 3^1 + e 2 + e z ) > 

and the weight and coweight lattices are f)J = Zcji © Zcj 2 and f)z = Zu^ © Zw^ . The group 
n v = fj* /Q is the cyclic group of order 3. Note that (f£, f) z ) C |Z. 

The Weyl group of this root system is the symmetric group on three symbols 

W — 63 = (si, s 2 , 1 sis 2 si = s 2 sis 2 = Sp, s 2 = 1 for i — 1, 2} , 

and the extended affine Weyl group W v is generated by the group Wq and the element 
7r v = x Wl SiS2, subject to the relations 

/r n i\ / V\3 1 V V V V V 

(5.2.1) (7T ) = 1, 7T S Q = Si7T , 7T Si = S 2 VT , S SiS = SlS Sl, S S 2 S = S 2 S S2, 

where Sq = x^s^ and (vr v ) 2 = x^^Si- Alternatively, 

(5.2.2) W v = { x k ^+ k ^ w I jfcj, k 2 eZ,we © 3 }. 

What follows is the alcove picture for the extended affine Weyl group W v , showing the 
correspondence between the alcoves and the elements of W v . The periodic orientation is 
indicated by + and - on either side of the hyperplanes. Since the si n root system is self-dual, 
the dual alcove picture is identical. 
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Example 5.3. Using Theorem 13. 3[ we calculate the expansion of E_ a2 in the basis of 
monomials. The minimal length representative is m_ Q2 = S2S1S0, and the eight walks of 
type m_ Q2 = (2, 1, 0) beginning in the fundamental alcove are: 
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-1/2 _ t l/2^Y<P V -d £-1/2 _ £l/2 



1 - Y^ 



Y a 2 



X Q2 T 2 Ti 



2 _ Y^-zd 



-1/2 



- t 



1/2 



-1/2 



. t i/2)y* 



i - 



1 - 




Since d l = qt 2 l, F" 2 d l = gtl, and Y v 2d l = q 2 t 2 l, then in the polynomial repre- 
sentation, 

H^l = X-l + A-ifli + a-^i + a-^^i 

„ / 1 - 1 1 - 1 1 - 1 1 - i 1 - 1 1 - i 1 - 1 1 - 1 \ 

+ \1 - qt 2 + 1 - qt 2 1 - + 1 - qH 2 1 - gt 2 ^ + 1 - g 2 t 2 1 - qt 1 - gt 2 q ) ' 

O 
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Example 5.4. Using Corollary 13. 5[ we calculate the expansion of X~ a2 in the basis of 
nonsymmetric Macdonald polynomials. We consider the eight walks of type rnZ a2 = (0, 1, 2) 
beginning in the fundamental alcove. Only five of these are contained in the dominant 
chamber. 



-1/2 T V 



-1/2_V 



t- 1 / 2 -t^\ 
'2 I _ Y<P v -2d ' 



t -l/2 _ 1 1/2 

1 _ ya^-d ■ 
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